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Maximum Achievable Number of Users in Optical
PPM-CDMA Local Area Networks

Hossam M. H. Shalahysenior Member, IEEE

Abstract—An optical code-division multiple-access (CDMA) below some prescribed threshdld< ¢ < 1, the number of
communication network employing optical orthogonal codes is simultaneous users can be increased as desired by increasing
considered. The data symbols of each multiple-access user iSthe possible number of pulse positiahg. Of course the price

encoded, before multiplexing, using pulse-position modulation . . . . .
(PPM) technique with sufficiently large pulse position multiplicity. to be paid is the increase in the bandwidth in order to have same

The concepts of both users rate and users strength are introduced. throughput per unit time. Another limitation is the maximum
Using these concepts an achievable number of simultaneous usersavailable number of subscribers (or signature codes) dictated

that can be accommodated by the optical PPM-CDMA channel, py the design criteria of OOCs. Indeed for= 1, the number
while keeping the transmitted information per photon fixed of available code sequences cannot excged- 1)/(w(w —

and maintaining the probability of error below some prescribed . S . )
threshold 0 < € < 1, is determined. Furthermore. it is shown 1)). Obviously this limit can be tolerated by increasing the code

that the users strength has a simple positive characterization and lengthL leading to a narrower pulsewidth or increasingith
in turn it is possible to load the entire subscribers simultaneously L fixed.

into the optical channel and embrace arbitrary small error rate. Other more frequently encountered optical CDMA models
Index Terms—Code division multiple access (CDMA), directde- [7]-[13] employoN—OFF keying (OOK) instead of PPM before
tection optical channel, optical CDMA, pulse-position modulation multiplexing. In this case the number of users cannot be
(PPM), spread spectrum. increasedreely without destroying the error rate threshold for
any given value ofp. The superiority of PPM-CDMA over
|. INTRODUCTION OOK-CDMA in that sense makes it an attractive candidate in
local area networks (LANs). Moreover, the traditional advan-
tages in using PPM rather than OOK add to its preeminence,
ha ely, it does not require a threshold in the detection process
is more efficient in utilizing the laser energy.

N OPTICAL code-division multiple-access (CDMA)
systems, N users transmit information simultaneousl
over a common optical channel, Fig. 1. Each user is assig

a code (called the signature code) with lengtrand weight There have been some variants to the traditional optical

w. We focus on optical orthogonal codes (OOCs) with bOteDMA systems in order to enhance its performance. Ohtsuki

off-peak autocorrelation and cross-correlation bounded Qi/al. [10] have proposed a synchronous optical CDMA system

A el {1’ ?’ h’ wd— 1} Mbeﬂ;OdO:jOg'ei |n2th§ destl_gnlanl ith double optical hard-limiters placed before and after the
analysis ot stich codes can be foun in [1], [2]. An (‘)‘p”|ca pu Soeptical correlator. It has been shown that this system introduces
(laser on) of duratior.. is transmitted whenever a “1” occurs

in the sianat q 420 ist itted (1 ) 1 than improvement in the performance over the system without
In the signature code and a “071s transmitte (laser off) for §ptica| hard-limiters as long as the number of users is not so
same duration, otherwise.

large. In the case of asynchronous optical CDMA, Ohtsuki
Each user generates\/-ary data symbols D € g y P

0.1 M o— 1t Th bol ded with th 11], [12] has shown that this improvement continues for all
;id O’f' 'l'Jise— (;sitizr)ﬁ mc?;SIasti)g: ((I)Dél\?)rescir:ecrgeg Ir\1NIPPM ossible number of users. Another optical CDMA technique
time frgme ogduratiorT is subdivided intoAf dis'oiﬁt slots ‘as introduced by Lam and Hussain [14] and generalized by
each slot has a width = T/M. The user’s infi)rmation i,s Kwon [15]. In [15], multibits of the user data are mapped into

d by t 'tt'_ .' i de (withoptical shifted versions of the signature code allowlng L nats to be
Ca?sveesy)ein o?:e r;n;rg} mgsgbféggli tl;rSVifrﬁneth(e timce)zpf:gie transmitted per sequence period. It has been shown that this
'the relation between tﬁe optical pulsewidth and 7 is thus "system outperforms OOK scheme at the expense of increasing

" o - .., the hardware complexity.
ﬁ — Z/i"_/'\nf;z;nge_o; such format is given in Fig. 2 with In our study of optical PPM-CDMA networks we assume

The bit error rate performance of the above system has b equi-probable data symbols, i.&:{D = d} = 1/M, d €

L = . ,1,..., M — 1}. The transmitted information in nats per
Séu?r']e? mh['?]_IEG] fqr thtehcatse of _'ttll dWe} havet_found n E’]t channel use is thus equalltsg M. For the sake of convenience,
[6] that while keeping the transmitted information per pho e will denote the last piece of information by:

(p nats/photon) fixed and maintaining the probability of error

4 log M ts/channel
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Fig. 2. An example of the transmitted signal formats of a single user in a PPM-CDMA systemviwithd, L = 7, andw = 3.

Our aim in this paper is to determine tlhestnumber of The asymptotic dependancelgf, on the pulse-position mul-
users that can be accommodated simultaneously by the optigalicity A4 is not linear and can be assumed to have the fol-
PPM-CDMA system (for a givep > 0) while maintaining lowing formula:

FP,[E] < ¢, any0 < e < 1. In our analysis, we leh be N

any value in{1, 2..., w — 1} allowing a larger subscribers = M (2)
limit since, in this case, the number of possible codes is upper L

bounded by [1] where# is in general a function ok, w, A, p, ande. There are

two important questions to be answered.
1) How doed depend on the above parameters?
(L=1){(L—-2)...(L—X) 1 2) Doesf decrease to zero dd — co?
ww—1).. . (w=A) @) The answer to the first question is important because it gives
us an estimate to the number of simultaneous users that can com-
At this point, we would like to differentiate between themunicate reliably using this network. The answer to the second
number of subscribers and the number of simultaneous usguestion tells us whether all the subscribers can be loaded si-
(or simply the number of users). The first refers to the numbsrultaneously to the channel and still achieve reliable commu-
of available signature codes given by (1). The latter, howeveication or not. Indeed # is positive then by increasiniy the
refers to the possible number of active users that can comsmber of usersv,,, can reach the number of subscribers given
municate simultaneously and reliably. Of course the numbier(1).
of simultaneous users is in general less than the number ofn this paper we are able to find a lower bound to the ex-
subscribers. The difference between these two numbers gipesentd. This lower bound, in turn, identifies an achievable
the number of idle users. number of simultaneous users that can communicate reliably.
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Further, we show that this exponent is positive as long as taecommodate simultaneous users at a fixed positive rate while

transmitted information per photgnis greater than a certainkeeping the probability of error as small as desired. In other

amount. Our approach to characterize this exponent uses a rathands, for finite values of. all the subscribers can be loaded

complex mathematics as provided in subsequent sections. Ammultaneously into the optical PPM-CDMA channel with

other simple way to tackle this problem is to find the error rat&bitrary small error rate.

in terms of the system parameters and show how these param-

eters tradeoff while keeping the error probability bounded. AR- The Decision Rule

though this simple approach shows how the number of usersach user counts the photons collected in the permissible

Ny, changes with\/, it cannot tell us the rate of change®f,,  chips (determined by the signature code) of every slot within

with respect taV/, that is it does not answer exactly the abovghe time frame. The number of the slot having the largest count

questions. is declared to be the transmitted symbol. We denote the photon
In our analysis, we take into account the effect of both thepunt collected in slat € {0, 1, ..., M — 1} by ¥;. Symboli

Poisson shot noise of the photodetector and the multiple-usgrshus declared to be the true ond’jf > Y; for everyj # i.

interference. Whereas, the effect of both the dark current aRdnce, the probability of error can be written as

thermal noise is neglected since their influence on the perfor-

mance is minor. In fact the main source of limitation here is due . . 1 .

to the multiple-users interference (especially for large numbeer[E] - Z Pl B PriD =i} = M Z PulELl]

of users), and for sufficiently large laser energy the CDMA =0 =0

system reduces to a shot-noise limited one. Further, we deriygere

our results under the assumption of chip-synchronous uniformly . S, .

distributed relative delays among the receivers. This reduces Po[Eli] = Pr{Y; 2 Y;,  somej # i|D = d}.

the complexity of the analysis and gives more insights into thejs obvious, because of the symmetry of the channel, that the

M-1 M-1

problem under consideration. last probability is independent @f Consequently
The formulation of the problem is given in Section Il together
with pertinent notation. Section Ill is devoted for some propo- PL[E] =Pr{Y; > Yy, somej #0|D=0}. (3)

sitions and lemmas, the proofs of which are given in an Ap-
pendix. The main result along with some discussion appear in

Section IV. The proof of our result is presented in Section V. Fi- lll. THE PROBABILITY OF INTERFERENCE

nally, the conclusion is given in Section VI. Denote byk;, ¢ € {0, 1, ..., M — 1}, t € {1,2, ..., A},
the number of other users that cause interference mtlse
[I. PROBLEM STATEMENT AND PRELIMINARIES positions in slot; of the desired user. The following propo-

sition and lemma, whose proofs appear in the Appendix, de-

scribe the joint probability distribution of the random vector
As M increases (with. fixed), the maximum number of si- (Kily Fi2s « ey Fin)-

multaneous userd/,, can be increased as well. Since we are proposition 1: In a chip-synchronous optical PPM-CDMA

interested in characterizing the rate of increasé&/pfwith re-  channel employing OOCs with weight > 1, lengthL > w?,

spect toM, we define (in this subsection) some measures {hd auto- and cross-correlation constraink w, if P,, t €

this rate. Given an OOC with length, weightw, and auto-and {1, 2 ... A}, denotes the probability that a single user inter-
cross-correlation constraint < w, we have the following def- feres with the desired user@pulse positions then
initions.

A. Definitions

1) The Users RateWe define the rate of the maximum A w?
number of simultaneous users (or simply the users rate) as Zt'Pt ~ ML )
(1/m)1og(Npm/L). =
2) Ane-Achievable Users RateGiven0 < ¢ < 1, a non- WhereM denotes the pulse position multiplicity.
negative numbeR is said to be-achievable users rate for the Lemma1:Forany:i € {0, 1, ..., M —1}, the random vari-
PPM-CDMA optical channel if for every > 0 and every suf- ablesk;y, #:2, ..., x;x admit a multinomial joint distribution
ficiently largem, we have with parametersV — 1, P, P, ..., Px:
1 N, i Pri{rii =L, ..o, i =lin}
Elog 7 >R-§ withP,[F] <e - (N —1)!
3) The e-_Users Strength:The supremum of-achievable Lillin! . LN — 1 — z)\:lit)!
users rates is called theusers strengtb(L, w, A, p, €). et

In the subsequent sections we intend to develop a lower
bound to thec-users strength defined above. As was shown I I .
in (2), this lower bound provides a measure to the maximum Pt Pt L= ZPf
number of users that can communicate together with error =1
rate not exceeding. Furthermore, we are able to show thatvhere (l;1, l;2,...,15;x) is a realization vector for
6(L, w, A, p, ¢) > 0 which signifies that it is possible to (1, K2, ..., Kix)-

>N12j1 lie
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IV. THE MAIN RESULT pulse position multiplicitylM and keeping the average energy
A Statement of the Result per pulse fixed. H(_)wever for a_giyep yaluebfwe cannot in- _
] _ creasdV,, as we wish because itis limited by the design criteria
We demonstrate in Theorem 1 below the main result on tae00OCs as described in (1). Instead, our system can be loaded
characterization of the users strength for the aforemention%g all subscribers simultaneously and reliably. The best code
system. The proof of this theorem is given in Section V. (which offers the largest number of simultaneous users given
Theorem 1:In a chip-synchronous optical PPM-CDMAgnd.,) is thus the one which maximizes (1). That is for finte
channel employing OOCs with weight > 1, lengthL > w”,  the best code is that with = w — 1.
and auto- and cross-correlation constraint < w, if the | the special case of ideal photodetector, where the Poisson
photodetector statistics are Poisson then dhusers strength ghot noise can be neglected, the restrictiorpon Theorem 1
is lower bounded by the equation shown at the bottom of thgn he removed. In fact the ideal system can be considered as the
page whergz| denotes the smallest integer not less thap  |imit of the previous Poisson system with— 0. Instead, for a
denotes the average information in nats/photon, @ni the  given, > 0 and a given error probability constraint, it provides
solution of an upper bound to the number of users in the Poisson system.
A e —1 We thus have the following corollary for the ideal system.
1- w 00 =0 Corollary 1: In a chip-synchronous optical PPM-CDMA
channel employing OOCs with weight > 1, lengthL > w?,
and auto- and cross-correlation constraink w, if the pho-
todetector is ideal then theusers strength is lower bounded by

B. Discussion of the Result

The plot of the users strength versugs given in Fig. 3 for .
certain system parameters. It is obvious that the users strength O(L, w, \, ) >1— {E}
increases a® decreases. This is an expected result which A
demonstrates that for fixed system parametérsi, A, ¢, and \herec € (0, 1).
M), increasing the average energy per optical pulse will allow
more users to communicate reliably. Surprisingly, however,
there is a threshold omafter which the users strength becomes
independent op and does not increase above a certain limit. T0 simplify the notation, we omit the subscript in Ny,
That is, we cannot increase the number of simultaneous us&Renever there is no confusion. L&tL, w, A, p, ) = 1 —
(even if we increased the average energy) without disturbifily @), wherea is defined as shown in (6) at the bottom of the
the error constraint. Both the limit on the number of usersnext page. Thus, for any > 0 (small enough)/N/L can be
and the threshold op have been identified in Theorem 1.bounded as
Obviously, if the number of users reached this limit and the | (/e)—s
average energy is increased, what we could gain is a decrease A <M . (7
in the average error rate.

From the definition of the users strength we can estimate thBUS, it is enough to show that the corresponding error proba-
maximum number of users that can communicate simultarftlity 7, [E] — 0asM — oc. Itis obvious from (6) that if

V. PROOF OFTHEOREM 1

2

ously and reliably as w
aby 1
N _ (6(L,w, A, p,e)—o(m))ym __ MH(L,'LU,)\, p,e)—o(m) 5 w A <10g v —)
7 ¢ = ®) )\{X1—w+1 w—1l w
whereo(m) — 0 asm — oo. Sincef(L, w, A, p, €) > 0 our <y <wlloe Y 1
system can accommodate any number of users by increasing the =PSWARS T T
9(L7 w? )\7 p7 6)
4 w
. A {—] .
I—IVE—I ; if p< o A <10g v ——)
A A "_—I w41 w—1 w
A
w 1 w
log - — A=
A — 1 1
>q1- -2~ |1 w=l wi. h‘] <log ——><p<w<1og v ——)
w—1 p )\{——I—w-i-l w—1 w w—1 w
A
A oef—1 .
1-2.¢ ; |fw<10g ——)<p§po
w p w—1
L0; if po <p
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Fig. 3. Alower bound on the-users strength versus the transmitted information in nats per photon for the optical PPM-CDMA system=wittandA = 3.

then byI;,i € {0, 1, ..., M —1}, the number of interfering pulses
in slot+:
w  w-—1 1 177t » A
A A W Iiézt'“it- (10)
t=1

_ {E} @) The error probability given in (3) can be written as

4 A3
A PyE] = PI{Y} >Y,, somej #0|D =0}
=Pr{Y; >Y,, somej#0,I>w

and ifw(log(w/(w — 1)) — (1/w)) < p < po, then somei # 0|D = 0}

> j
l<a=®. P W ©) +Pr{Y; >Y,, somej#0,Iy#0
X -1 I <w Yi#0D =0}
The firstinequality results from the definition p§ whereas the +Pr{Y; > Yo, somej#0,lo=0
last inequality results from the fact that > 1 + p. We denote I; <w Vi#0D =0}

4 w
w . AT w1
’VX—|7 |f0<p§ o log 1__
A mwrrd Tt
197t w
def log R — P
o=
wolly o Pw=l wy “1 og—*— — 1) < p<ww(log— 1 (6)
A w w—1 w -1 w
P )\{X—I—w—i-l
w p . w
el . : _ = <
LA e —17 |fw<10gw_1 ><p_po
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< Pr{l; >w, somei#0}+ Pr{ly#0}
+Pr{Y; >Y,, somej#0,[,=0
Ii<w Yi#0|D=0}
=Py [E1] + Py [E2] + Pa[E3]

where
P BN Pr{I; > w, somei# 0}
P [E2% Pr{I, # 0}
P.[E3 ¥ Pr{Y; > Yy, somej #0

In=0,I; <w Yi#0[D=0}

Here, the second error evehiR is due to neglecting the inter-

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 18, NO. 9, SEPTEMBER 2000

Taking the logarithm of the above error rate, yields

log P,y [E1] < log(M — 1) — 1)
A A
X log <1 - ZPt +22Pt>
t=1 t=1

A
<logM —vlogz+ Nz _ P

t=1

vlegz+ (N —

Indeed, sincéog(l — z + y) < y for any real numberg and
« > 0. Noticing from Proposition 1 that

A A w2

ference in the data slot, whereas the first error e¥&nis due to would yield
the multiple-users interference in other slots, and the last error w?
eventE3 is due to the shot noise process of the photodetector. log P[E1] < log M — vlogz + Nz ML’

Of course for the case of ideal photodetectors (cf., Corollagy, s
1), only the first error evenk’1 contributes. We now show that

P,,[Fi] — 0asM — oo for everyi € {1, 2, 3}.
P, [E2] = Pr{ly #£0} = Pr{Io > 1} < E{lo}

A 2
:E{Zt-/«sm} Z = (N- 1)1\2

SMl—(l/(y)—(SM _ wQM—(l/(y)—(S' (11)

Here, E{-} denotes the expected value, the first inequality is
justified by the use of the Markov inequality, the expectation
evaluation is immediate from Lemma 1, and the last inequality

is because of (7). Consequenthy, [F2] — 0 asM — oo.

P,[F1] =Pr{l; > w, somei##0}
<M - 1) Pri{ly > w}

A
Pr {Zt-mt > w}
t=1

where a union bound has been used in the last inequality;and

has been substituted from (10) in the last equality. SingeX,
we can further write

P,[E1] (M -

{ze il

(M _ 1) Pr {ZN11+“'+N1,\ > ZV}

forany> > 1 and ;/‘léf(w/)q. Using the Markov inequality
again and applying Lemma 1, we get

PLlEl| < (M -1z""F {ZN11+~~~+;¢1,\}

A A N-1
Z_y<1—ZPt+ZZPt> .
t=1 t=1

(M —

2
log P, [F1] < log M +In1n{N7ML l/logz}.

It is easy to check that the last minimum occurs at
z = (vML/w?N). Consequently

vMLIN\™" w2e\” N g

< v = —

P""[El]‘M<w2N> ‘ < v ) <M1—%L>
() ()

< (2= el

- v M-
() ey = (1) e

v v

) e
12)

The first inequality holds because of (7) and the last inequality
holds because: < [w/A] = v, cf., (6), (8), and (9). Hence,
P,,[E1l] — 0asM — oo as well. Now it remains to show that
P,.[E3] — 0asM — oo to complete the proof.

P, [E3] =

=

ES
«

Pr{Y; > Y,, somej#0
Iy=0,1; <w Yi#0[D=0}
=Y Pr{lp=0|D =0}

x Pr{Yy = yo| D =0, Iy = 0}
x Pr{Y; > 5, somej #0
Ii<w \V/L#OLDIO,IOIO,YOIZ/()}

Since bothy’; and/; are independent df; givenl, andD, we
get, foranyd < s <1

> Pr{Yo =yolD =0, Ip = 0}
Yo
x Pr{Y; > yo, somej #0
Iy=0 1 <w VYi#0[D=0}
< > Pr{Yo=yo|D =0, I =0}
Yo
x Pr{Y; > yo, somej #0
Ii<w Yi#0|D=0}

P,[E3] =
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SinceP, < (w?/tML) < (w?/ML) (cf., Proposition 1)1 —

< ZPY{YO =yo|D =0, Iy =0}
Yo
x [Pr{Y; > yo, somej #0,
I <w Vi#0D=0}]
<(M —1)"> Pr{Yo =y0|D =0, I, =0}
Yo

X [Pr{Y1 > v, I; <w Vi#0/D=0}]".

The last inequality is justified by using a simple union bound.

Sincethe sel; < w Vi # 0]isasubset off; < w], P [E3]
can further be increased as

PplE3] < (M —1)* Y Pr{Yo =yo|D =0, I =0}
Yo
x [Pr{Y1 > v, I <w|D =0}]
=(M —1)* > Pr{Yo =y|D =0, Io = 0} P, [ E4]

Yo

(13)

where

PB4 Pr{Y1 > yo, I, < w|D = 0}.

By substituting/; from (10) and using Chernoff inequality, we

can estimate’,,,[E4] as follows. For any > 1

Pm[E4] = Z Pr{lﬁjll = llla ceey RN = ll)\}
lig, - line
Ei:l thiy <w
x Pr{Y1 > 5o|D =0, k11 = l11, - -, Kix =11}
<z Z Pr{ri1 = U, ..., k1x = lin}
lig, o lune
SO thi<w
X E{ZY1|D = 0, K11 = lll; e, KIN = ll)\}.

But Y7 is a conditional Poisson random variable with mean

A
E{Yi|D = 03 K11 = llla ceey, RIXN = ll)\} = Nztllta
t=1

where is the average photon count per pulse, givernuby:
log M /pw. Thus

L, line

E;\:l th<w
A
X exp [u(z -1 Ztllt]
t=1

Invoking Lemma 1 and substituting faryield

Pm[E4] =Y Pr{lﬁiu =111, -, K1A = 11)\}

N —1)!
) (V-1)

e T TLRY N (O B Sl
E;\:1 i <w

A
x Pl pho <1 -3y A
t=1

% M((Z—l)/pw) 23:1 tlie )

P [B4] < 2

>2

Sh B <1,1,!'>1, and

A
(N = DY 1= 30t < (V- Za
t=1

we obtain

A

Y- 1) b

l11, - L

A
Zt:l tlyy <w

A

w? \ 2t B
(i)
<z g2 Z
U1, o liae

A
Dy thusw

A
N Er:l lat N § A
M (E=D/pw) > th
. <ML>

PB4 <z

‘ M((Z—l)/pw) Zj:l tlyy

where the constrai@f=1 tli; < wensures thazf=1 liy < w.
Using (7) we can write

2.

l11, 0 b

Ei\:l i <w
% Mf((l/oz)+t5) 23:1 l1e M((zfl)/pw) 23:1 iy .

PB4 <z7¥ . w?

But the number of terms in the main summation of the last in-
equality cannot exceed?, thus

max
lig, o line

Z;\:l g <w
o M (G=D/ow) Y0 th—=((1/)+8) Y

S w?'w LYo w)\

PE4 < w2 TV gt

max
1, . b

Ei\:l i <w
w M (G=D/ow) 300t (/) +8) Y1) (/N

i KA max

lin,epline

SO th<w
w MG=D/p0)=(A/aN=(C/N T the (14

The last inequality holds sinde< . Consider the following
maximization problem on the exponent&f:

A

def z—1 1 o
A= a - = E tly.
max < al A) py 1

[SEPRITY P
S th<w—1
If the bracketed term is positive, then the maximum is achieved
at the boundary, i.e., wheﬁjﬁ:1 tli, = w — 1, otherwise it is

achieved wher;; = 0,¢ € {1, 2, ..., A}. Thus, the solution
of the maximization problem is as follows:
(w - 1)
z—1 1 6 z—1 1 6
-———==1; f > — 4+ —
X = pw aX A pw aX A
z—1 1 6
0 if 0< < 4+ =
’ o= pw T oadk A
(15)
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Substituting in (14) and then in (13) would yield Case B: This case occurs whenever
Po[B4] < w*h 2700 MY 0<p<w <108‘ i i) '
w—1 w
and It corresponds to the first two cases in (6), that is
Prn [E3] < ws(2w+)\)MsMsX Z 4~ 5Yo w w
Yo By faxg |—X-| (18)

x Pr{Yy = yo| D = 0, Iy = 0}
— QN A AV B {z—SY0|D =0,I = 0} . Choosez > 1 such that

ButY} is also a conditional Poisson random variable with mean z—1 1

§

loe M w ar N

E{YolD =0, I = 0} = jaw = 22 g
Il

Hence
PlE3] <@+ M= MY explp(z—* — 1)] X=(w—1) < e é)
— ws(2w+)\) M?® MSXM(zfs—l)/p pw aA A
— w2 HN pps pge X pr—(s/p)(1=277")/2) and
_ . 8QwAN) Ars agsX ar—(s/p)(log z—o(s))
=w M*M**M log Pu[E3] y .
whereo(s) \, 0 ass — 0. Indeed the last equality can be justi- SlogM = poe 7
fied by using Maclaurin series ¢1 — z—*) /s. For sufficiently P) (=D pw)z(1/ar)+(3/2)
large values o/ and small values of, we can write z—1 1 §
x slogz —p—plw—1) -—-7)-¢
log P, [E3] p(2w + A)logw pw aX A
T log M > logz —p— pX —o(s) — T logM
s ’ respectively. The right-hand side (RHS) can be decreased if we
>logz—p—pX — & (16) choose: = (1.11/.(111—. 1))+(6pw_/)\).llndeed, this value satisfies
the last maximization constraint since
for some¢ > 0 arbitrary small. Now consider two cases
Case A: This case occurs whenever #—1 — 1 + é
pw pwlw—1) A
lo v ! < p< 1
w o _ — .
g w—1_ w P = pPo > - 1 .
w
It corresponds to the last case in (6), that is w?(w — 1) <10g 1 E)
_w p 1 6 1 )
v = — - . 17
=X w1 ) > eIzt

Choosez > 1 such that
where we have used the fact tHaty < 1)logy < y — 110

z=1 < 1 é justify the last strict inequality. Consequently
pw aX A
Thus from (15) and (16), we g&f = 0 and _1og1P,tlj[\§3] > log < W 6p_w> _,
1Ong[E3] 308— w—1 A
T deg M >logz—p—¢§ 0
G 1 1
respectively. The optimum value of for the last inequality to = plw—1) <pw(w -1) a) —¢
be tightest, is achieved at the boundary of the above specified w Spw 1
range, i.e.z = 1+ pw((1/aX) + (6/X)). Consequently = log <f1 + T) W
log P,,,[E3] ) pw  bpw w—1
—WEIOQ 1+J+T —p—&. —p<1—7>—§. (29)

0

Substituting fora from (17), we obtain At this point, two more cases may arise. First,= [w/A],

which corresponds to the first case in (6). Here, the RHS is pos-

log P, [E3] bpw "
o mlE S oe (e L E2 ) 5 itive as long as
SlogM _log<e + \ p—&>0.

. . ’ S " A ’V%—I w 1
Since the right hand side is positive for small values¢pf O0<p< D log i
PL[E3] — 0asM — . A h] —w+1
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APPENDIX
PROOFS OFPROPOSITION]1 AND LEMMA 1

A. Proof of Proposition 1

Consider an interference random variaffie This random
variable takes values in the sft, 1, ..., A} with probability

distribution:

which corresponds to the second case in (6). Here, the RHS
equaldog((w/(w—1))+(6pw/A))—log(w/(w—1))—£, which
is always positive for sufficiently small values f Of course
the positivity of the right hand side ensures ti3t[E3] — 0
asM — oo, which completes the proof of Theorem 1. O

P ifte{l,2 ...,

A
Pr(t) = 1-Y"P; ift=o0.
t=1

Thus, the expected value @fis given by

VI. EXTENSION AND CONCLUDING REMARKS

In this paper the concept of users strength in direct-detection
optical PPM-CDMA channels has been introduced. In fact this
notion is a measure to the theoretical limit of the maximum

A
E{T}=)t-P.

number of users that can communicate simultaneously at @A the other hand

asymptotically {4/ — o) zero error rate. One theorem, which

characterizes this users strength, has been presented taking into

account both the Poisson statistics of the photodetectors and the
multiple-users interference. The effect of both the dark current

and thermal noise has been neglected, since their influencgv
minor. It has been found that the users strength is independgn
of p whenever it is below some specified threshold. That is (fQr
fixed L, w, A, ¢, M) decreasing below that threshold cannot
increase the number of users and will lead only to a decre%
in the average error rate. On the other hang i§ above the
threshold, one can increase the number of users and/or decr%@
the average error rate by decreasing

Ssosition.

L
1
E{I} = +E > ajaly

i=1

F?ere{aj k_,,i € {1, 2} denote the code words of users 1 and
Pespectively@ denotes addition modulé, andU denotes
shift random variable. Assuming chip-synchronous cobles,
is a uniform random variable that takes values from the dis-
Tete sef{0, 1, ..., L — 1}. Performing the last expectation
ields E{T} = w?/ML, which completes the proof of the

O

It has been shown in the discussion that, for a given value@f proof of Lemma 1

L, all the subscribers can be loaded simultaneously into the Op_Fix .
1

tical PPM-CDMA channel with arbitrary small error rate. Fur
ther, it has been argued that the best code in this case is the
having\ = w — 1. On the other hand if is allowed to increase
freely (L — oo) two cases may arise.

Case 1: If A =1, then (1) reduces t@. — 1) /w(w — 1) and
similar to the finite case all subscribers can be accommodat
simultaneously.

Case 2:If A > 2, however, one cannot accommodate aﬁ
subscribers with asymptotically zero error rate. Indeed to ha
P,.,[E] — 0 one should restriclv,,, as in (5) which is probably
less than the bound in (1). Now the best code is the one which

maximizes (5) subject to the constraint tBat A < w. Thus
(1]

A= arg max (L, w, A\, p, €) p =2. 2]
2<A<w
(3]
Our results on the characterization of the users strength given
in both Theorem 1 and Corollary 1 are only partial, i.e., they [4]
only provide lower bounds. Recently [16], we have developed
an upper bound to the users strength for the case of ideal ph
todiodes. It turned out that this upper bound is exactly the same
as that given in Corollary 1 and in the first case of Theorem 1. 6]
Thus, with this recent result, the complete characterization is

now settled for the ideal case.

€ {0,1,..., M —1}. Let A, ¢t € {1,2, ..., A},

%%éhe event that a single user interferes with the desired user
att pulse positions within slot. Each of these disjoint events
occurs with probability”;. Further, let4, be the event that a
single user does not interfere at all with sloff the desired user.
%Bviously,Ao occurs with probabilityt — Ele P,.Thus, ifl;;,
te {1, 2, ..., A} corresponds to the number of times tkgt

€ {1,2,..., A}, occurs, themdy occursN — 1 — S0 1,
imes. This formulation leads to the well-known multinomial
Istribution.

O
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